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Algorithm 1 DP-SkGD

1: Input: Initial point w0 2 Rd,
step sizes � = Diag (�1, . . . , �d),
number of iterations T ,
number of inner loops K,
probability distribution S over the
subsets of [d],
noise scales �U for U 2 Range (S)

2: for t = 0, . . . , T � 1 do
3: Set ✓0 = wt

4: for k = 0, . . . ,K � 1 do
5: Sample a subset S ⇠ S and let

C = C(S)
6: Draw ⌘ ⇠ N (0,�SI)
7: ✓k+1 = ✓k ��C

�
rf(✓k) + ⌘

�

8: end for
9: wt+1 = 1

K

PK
k=1 ✓

k

10: end for
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Assumption 3 (Component Lipschitz-
ness). Let S be a probability distribu-
tion over the 2d subsets of [d]. Func-
tion `(·; ⇣) : Rd⇥X ! R is LS -component-
Lipschitz with LU > 0 for all U 2
Range (S), for all ⇣ 2 X . This means
that for all v, w 2 Rd, we have:

|` (w + IUv; ⇣)� ` (w; ⇣)|  LU kIUvk .
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Assumption 2 (Component smooth-
ness). Function f : Rd ! R is M-
component-smooth for M1, . . . ,Md >
0. That is, for all v, w 2 Rd,

f(w)  f(v)+hrf(v), w � vi+1

2
kw � vk2M .
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Assumption 1. Let S ⇠ S be nonva-
cuous, i.e., P (S = ;) = 0, and proper,
meaning that pj > 0 for all j 2 [d].
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w? 2 argmin
w2Rd

(
f(w) :=

1

n

nX

i=1

`(w; ⇣i)

)
.

`(w; ⇣i) : Rd ⇥ X ! R is the loss func-
tion for a sample ⇣i, andD = (⇣1, . . . , ⇣n)
is a dataset of n samples drawn from
the universe X .

Sketches
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Given a random set S ⇠ S, define

pj := Prob(j 2 S), j 2 [d].

We also denote P = Diag (p1, . . . , pd).

Block Coordinates

Assumptions
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Consider a partition of [d] into b
nonempty blocks, denoted asA1, . . . , Ab.
Let S = Aj with probability qj > 0,
where

P
j qj = 1. For each i 2 [n], let

B(i) indicate which block i belongs to.
In other words, i 2 Aj i↵ B(i) = j.
Then pi := Prob(i 2 S) = qB(i). We
call the resulting method DP-SkGD-BS.
We define

L{A1,...,Ab} :=
dX

i=1

LB(i)ei.

Let us also define

RMP�1 =
��w0 � w?

��2
MP�1 ,
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L{A1,...,Ab} :=
dX

i=1

LB(i)ei.

RMP�1 =
��w0 � w?

��2
MP�1 .

Importance Sampling
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qi =
maxj2Ai MjPb
i=1 maxj2Ai Mj

.
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Definition 0 (Unbiased diagonal sketch).
For a given random set S ⇠ S we de-
fine a random diagonal matrix (sketch)
C = C(S) 2 Rd⇥d via

C = Diag (c1, . . . , cd) , cj =

(
1
pj
, if j 2 S,

0, otherwise.

Equivalently, we can write

C = ISP
�1,

where IS = Diag (�1, �2, . . . , �d) is a di-
agonal matrix with

�i =

(
1, if i 2 S,

0, if i /2 S.
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Our method gains an advantage over DP-CD due to the use of importance

sampling.

To illustrate, consider the case where b = d (i.e., single coordinate sampling).

Assume that M1 � Mj for all j 6= 1, and similarly, |w0
1 � w?

1 | � |w0
j � w?

j | for
all j 6= 1. Moreover, suppose M1|w0

1 �w?
1 | � Mj |w0

j �w?
j |. Then, in the convex

case, we get

RI

p
Tr (M) ⇡

q
M1|w0

1 � w?
1 | ⇡ RM.

Thus, DP-SkGD-BS with importance sampling can be up to
p
d times faster.


